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Why	  tensor	  networks?	  

•  Tensors	  networks	  are	  tools	  for	  efficiently	  
represen@ng	  large	  objects	  

– Example	  1:	  Can	  decompose	  a	  large	  object,	  like	  a	  
quantum	  many-‐body	  wavefunc@on,	  as	  a	  product	  
of	  small	  tensors	  (e.g.	  MPS/DMRG,	  PEPS,	  MERA).	  

– Example	  2:	  Tensor	  products	  are	  linear	  and	  are	  
perfect	  for	  represen5ng	  circuits	  and	  channels	  



Tensor	  network	  diagrams	  
Tensor	  with	  n	  indices	  is	  drawn	  with	  n	  “legs”	  

	  
	  
Tensor	  contrac@ons	  are	  represented	  by	  joining	  legs	  

	  	  	  	  	  	  	  	  dot-‐product	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  matrix-‐vector	  product	  
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Encoding	  

•  Encoding:	  reversible/unitary	  circuit	  with	  k	  
data	  bits	  and	  n	  –	  k	  “frozen”	  bits	  (set	  to	  0,	  say)	  

(a)

(b)

Frozen	  
bits	  



Noisy	  channels	  
Each	  bit	  (qubit)	  channel	  will	  undergo	  
uncorrelated	  noise.	  	  

(a)

(b)



The	  classical	  decoding	  problem	  

(a)

(b)

Find	  the	  inputs	  	  	  	  	  	  given	  the	  measurements	  

Frozen	  
bits	  

Measurements	  

Unknown	  
values	  

xi yi



(a) (b) (c) (d) (e)

(a) (b) (c) (d) (e)

Many	  types	  of	  codes	  and	  circuits…	  

MPS	   Tree	  

– Repe@@on	  codes	  
– Convolu5onal	  codes	  (MPS)	  
– Concatenated	  codes	  (tree)	  
– LDPC	  codes	  
– Topological	  (MERA/PEPS)	  
– Polar	  code	  (Branching	  MERA)	  

MERA	  

???	  



Many	  types	  of	  decoders…	  

•  The	  “op@mal”	  decoder	  is	  maximum	  likelihood	  
– Given	  the	  measurements	  and	  error	  model,	  what	  is	  
the	  most	  likely	  message	  sent?	  (in	  general:	  HARD)	  

•  Many	  other	  “approximate”	  decoders	  
– Bitwise	  sequen@al	  /	  successive	  cancela@on	  

•  Find	  most	  likely	  first	  bit,	  then	  second	  given	  first,	  etc…	  
– List	  decoding,	  belief	  propaga@on,	  renormaliza@on	  
group,	  etc.	  



(a)

(b)

Successive	  cancela@on	  

•  One	  bit	  at	  a	  @me,	  from-‐right-‐to-‐lec.	  

? ? ?



The	  Polar	  Code	  

•  Arikan	  introduced	  the	  “polar”	  
code	  in	  2008/2009.	  	  
– “polar”	  for	  channel	  polariza-on	  

•  First	  code	  that	  is	  both:	  
– Provably	  capacity	  achieving	  for	  
generic	  symmetric	  channels	  

– Efficient	  to	  decode	  (cost	  =	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  )	  

Erdal	  Arikan	  
(Bilkent,	  Turkey)	  

E.	  Arikan,	  IEEE	  Trans.	  on	  Inf.	  Theory	  55,	  3051	  (2009).	  	  

n log n



Channel	  Polariza@on	  

•  Using	  successive	  cancela@on	  (sequen@al)	  
decoding,	  the	  polar	  code	  polarizes	  each	  input	  
channel	  to	  be	  very	  “good”	  or	  very	  “bad”	  

•  Take	  2-‐bit	  CNOT	  
	  
First	  decode	  
Then	  decode	  
given	  knowledge	  of	  	  

x1 x2

y1 y2

x1

x2

x2
W W



Channel	  Polariza@on	  

x2

y1 y2

W W

?
Step	  1:	  determine	  
whether	  	  	  	  	  	  	  	  =	  0	  or	  1	  is	  
more	  likely,	  given	  	  	  	  	  	  ,	  
	  	  	  	  	  	  and	  	  	  	  	  	  .	  
	  
	  
(	  	  	  	  	  	  is	  unknown,	  
assumed	  to	  be	  in	  
50/50	  mixture)	  

y1
y2 W

x2

x1

CNOT	  acts	  to	  copy	  noise	  from	  unknown	  	  	  	  	  	  .	  x1

P (x2|y1, y2)



Channel	  Polariza@on	  

x2

y1 y2

W W

Step	  2:	  determine	  
whether	  	  	  	  	  	  	  	  =	  0	  or	  1	  is	  
more	  likely,	  given	  	  	  	  	  	  ,	  
	  	  	  	  	  ,	  	  	  	  	  	  	  and	  previously	  
determined	  	  	  	  	  	  .	  

y1
y2 W

CNOT	  creates	  two	  copies	  of	  	  	  	  	  	  to	  protect	  from	  noise	  
x1

x1
x1

x2

P (x1|x2, y1, y2)



Channel	  Polariza@on	  

x2

y1 y2

W W

x1
Step	  2	  is	  always	  more	  
accurate	  than	  step	  1.	  
	  
	  
BUT	  error	  in	  step	  1	  could	  
cause	  an	  error	  in	  step	  2.	  
Freeze	  the	  value	  of	  	  	  	  	  	  	  	  
and	  use	  	  	  	  	  	  	  as	  data.	  

x2
x1

Summary:	  	  	  	  	  	  is	  a	  “good”	  channel,	  	  	  	  	  	  	  is	  “bad”	  channel	  x1 x2

I(x1|x2) � I(x2)



Channel	  Polariza@on	  

x2

y1 y2

W W

x1

W W

x3 x4

y3 y4



Channel	  Polariza@on	  

x2

y1 y2

W W

x1
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x3 x4

y3 y4
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y5 y6 y7 y8
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Channel	  Polariza@on	  
Channels	  either	  become	  “good”	  or	  “bad”.	  Rate	  =	  0.5	  



Channel	  Polariza@on	  

Channels	  either	  become	  “good”	  or	  “bad”.	  Rate	  =	  0.5	  
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Decoding	  the	  Polar	  code	  
•  Most	  the	  tensors	  cancel	  under	  successive	  
cancella@on	  decoding.	  

W W W W W W W W

? ? ? ?

10 101 10 0

x8? ? ?



Decoding	  the	  Polar	  code	  
•  Most	  the	  tensors	  cancel	  under	  successive	  
cancella@on	  decoding.	  

	  
	  
	  
	  
	  
•  Cost	  to	  calculate	  is	  	  

W W W W W W W W

? ? ? ?

10 101 10 0

x8? ? ?

O(n)



Decoding	  the	  Polar	  code	  
•  Most	  the	  tensors	  cancel	  under	  successive	  
cancella@on	  decoding.	  

W W W W W W W W

? ? ? ?

10 101 10 0

x7? ? 0



Decoding	  the	  Polar	  code	  
•  Most	  the	  tensors	  cancel	  under	  successive	  
cancella@on	  decoding.	  

W W W W W W W W

? ? ? ?

10 101 10 0

x6? 00



Decoding	  the	  Polar	  code	  
•  Most	  the	  tensors	  cancel	  under	  successive	  
cancella@on	  decoding.	  

W W W W W W W W

? ? ? ?

10 101 10 0

x5 000



Decoding	  the	  Polar	  code	  
•  Most	  the	  tensors	  cancel	  under	  successive	  
cancella@on	  decoding.	  

W W W W W W W W

? ? ?

10 101 10 0

x4 0001



Decoding	  the	  Polar	  code	  
•  Most	  the	  tensors	  cancel	  under	  successive	  
cancella@on	  decoding.	  

	  
	  
	  
	  
	  
•  Cost	  to	  calculate	  is	  	  

W W W W W W W W

? ? ?

10 101 10 0

x4 1

O(n)



Decoding	  the	  Polar	  code	  
•  Most	  the	  tensors	  cancel	  under	  successive	  
cancella@on	  decoding.	  

W W W W W W W W

? ?

10 101 10 0

x3 00010



Decoding	  the	  Polar	  code	  
•  Most	  the	  tensors	  cancel	  under	  successive	  
cancella@on	  decoding.	  

W W W W W W W W

?

10 101 10 0

x2 000100



Decoding	  the	  Polar	  code	  
•  Most	  the	  tensors	  cancel	  under	  successive	  
cancella@on	  decoding.	  

W W W W W W W W

10 101 10 0

x1 0001001



Decoding	  the	  Polar	  code	  
•  Most	  the	  tensors	  cancel	  under	  successive	  
cancella@on	  decoding.	  

	  

	  

•  Single	  bit	  costs	  	  	  	  	  	  	  	  	  	  	  	  ,	  but	  all	  bits	  in	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  !	  

W W W W W W W W

10 101 10 0

00010010

O(n) O(n log n)



Performance	  (exis@ng	  results)	  
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Polar(256,128), nonsystematic
Polar(256,128), systematic

Fig. 1. BER vs. !!/#0 for systematic and non-systematic polar codes under

successive cancellation decoding: BPSK modulation over AWGN channel.
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Fig. 2. FER vs. !!/#0 for systematic and non-systematic polar codes under

successive cancellation decoding: BPSK modulation over AWGN channel.

coding, the decoder stopped after putting out û!. For system-

atic coding, the decoder had an extra step of computing an

estimate x̂ = ûG! of x, and produced x̂! as output.

For non-systematic codes, bit error rate (BER) and frame

error rate (FER) statistics were compiled by comparing û!
with u!; for systematic codes, they were compiled by com-

paring x̂! with x!. Clearly, the two codes have the same

FER under the particular decoder used here. In simulations, we

used identical sets of test vectors for both systematic and non-

systematic codes to ensure that their FER statistics coincided;

this helped focus on the variation in BER statistics.

Figures 1 and 2 show, respectively, BER and FER vs.

!"/#0 results. The parameter !" stands for the transmitted

signal energy per source bit and equals 2 here. The set ! for

polar coding was optimized for operation at !"/#0 = 1 (0 dB)

using the Tal-Vardy method [9]. (Note that !"/#0 = 0.188
dB is the Shannon limit here.) Simulations with polar codes

optimized for operation at various other !"/#0 values did not

show any significant variation from the results reported here.

In summary, this simulation study confirms that systematic

polar codes achieve better BER performance compared to

non-systematic polar codes. The performance improvement is

especially pronounced at low !"/#0 values where the BER

curves are relatively flat.

V. DISCUSSION

The development of systematic polar coding was motivated

by the desire to reduce the susceptibility of non-systematic po-

lar codes to error propagation under SC decoding. Systematic

codes are expected to be more robust against error propagation

than their non-systematic counterparts since the information

bits in systematic coding are directly observed through the

channel. Our results are consistent with this expectation.

It is surprising, however, that systematic polar coding

showed an improvement in BER under a decoding method that

computed x̂ indirectly, by first computing û as if the code were

non-systematic. One would expect that any decoding errors in

û (which suffers from error propagation) would be amplified

in the re-encoding step x̂ = ûG! . Paradoxically, the simu-

lation results show that this is not the case. Apparently, the

SC decoder inherently pays more attention to minimizing the

errors in x̂ than those in û. A better understanding of this

issue is a subject for further study.

An alternative to SC decoding of polar codes is belief prop-

agation (BP) decoding, as discussed in [10]. We repeated the

above experiments with a BP decoder but did not obtain any

results to recommend BP decoding over SC decoding; in fact,

BP decoding performed noticeably worse than SC decoding

at high !"/#0. In essence, we may view SC decoding as a

special form of BP decoding with a carefully crafted schedule

of belief updates. It is conceivable that there exist some

other well-crafted schedules for BP decoding that give better

performance than SC decoding at comparable complexity.

Currently, we view SC decoding as the method of choice for

low-complexity decoding of polar codes—systematic or non-

systematic.
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Going	  beyond	  the	  Polar	  code	  

•  Tensor	  networks	  studied	  extensively	  in	  many-‐
body	  physics.	  

•  Recently,	  a	  new	  tensor	  network	  was	  proposed	  
called	  the	  “branching-‐MERA”	  that	  has	  a	  
similar	  mul@-‐scale	  structure	  to	  the	  Polar	  code.	  

•  It	  contains	  twice	  the	  tensors	  (gates)	  and	  is	  
able	  to	  bejer	  “scramble”	  the	  data.	  

•  Successive	  cancela@on	  remains	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  	  O(n log n)



Branching-‐MERA	  code	  

•  The	  primi@ve	  piece	  of	  the	  polar	  code	  is	  CNOT.	  
•  The	  branching-‐MERA	  code	  adds	  another	  CNOT	  
to	  the	  other	  neighbour:	  	  



Polar	  vs.	  branching-‐MERA	  code	  
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Polar code
Branching−MERA code

Bejer	  polariza@on	  than	  Polar	  code	  



(a)

(b)

Successive	  cancela@on	  



(a)

or

(b)

or

(c)

or

Decoding	  

Decoding	  is	  
similar	  to	  MERA/
branching-‐MERA	  
contrac@ons,	  
done	  “level-‐by-‐
level”.	  



Performance	  

•  Numerical	  cost	  is	  about	  twice	  that	  of	  polar	  
code	  

•  However,	  error-‐correc@on	  performance	  is	  
improved	  and	  can	  be	  significantly	  bejer	  in	  
some	  regimes	  
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Classical	  Results	  

•  The	  polar	  code	  is	  “almost	  perfect”,	  except	  for	  
finite-‐code	  performance	  could	  be	  a	  bit	  bejer	  
	  

•  Branching-‐MERA	  code	  does	  improve	  this	  
somewhat,	  bringing	  “waterfall”	  region	  closer	  
to	  the	  Shannon	  limit	  and	  significantly	  reducing	  
the	  error-‐rate	  in	  the	  low-‐error	  regime.	  
– No	  “error-‐floor”	  in	  either	  case,	  unlike	  some	  
commonly-‐used	  LDPC	  codes.	  

– Open	  ques@on	  on	  scaling	  exponents,	  etc.	  



Quantum	  codes	  

Work	  on	  quantum	  polar	  codes:	  	  
Renes,	  Depuis,	  Renner,	  Wilde,	  
Guha,	  Sujer,	  Dujon……..	  

	  



Quantum	  decoding	  problem	  
Given	  stabilizer	  measurements,	  what	  is	  the	  most	  
likely	  Pauli	  opera@on	  which	  recovers	  the	  data?	  

U†

U

E E E E E E

|0ih0||+ih+| |0ih0|⇢̂

X ZZ? ? ?



Quantum	  decoding	  problem	  
Given	  stabilizer	  measurements,	  what	  is	  the	  most	  
likely	  Pauli	  opera@on	  which	  recovers	  the	  data?	  
	  

Rather,	  given	  some	  knowledge	  of	  some	  (stabilizer)	  
channels,	  what	  were	  the	  logical	  channels?	  

E E E E E E
U ⌦ U⇤

SX SZ SZ???



Quantum	  polar	  code	  

•  Exactly	  same	  encoding	  circuit,	  with	  CNOTs	  

•  Amplitude	  protected	  on	  lec,	  while	  phase	  is	  
protected	  on	  the	  right	  
– Put	  data	  in	  the	  center,	  best	  of	  both	  worlds	  

X̂ ẐÎ

X̂ X̂ ẐẐ

Î
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Decoding	  

Decoding	  of	  	  	  	  	  	  and	  	  	  	  	  	  errors	  done	  sequen@ally.	  
PHASE	  1:	  Decode	  amplitude	  (right-‐to-‐lec)	  
PHASE	  2:	  Decode	  phase	  (lec-‐to-‐right)	  
	  
Task	  is	  to	  determine	  what	  the	  error	  channel	  on	  each	  
bit,	  using	  successive	  cancela@on:	  
Ini5al	  state:	  	  	  
AYer	  phase	  1:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  or	  
AYer	  phase	  2:	  	  	  	  	  	  	  	  	  	  	  	  	  or	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  or	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  or	  	  

X̂ Ẑ

Î ⌦ Î X̂ ⌦ X̂ Ŷ ⌦ Ŷ Ẑ ⌦ Ẑ

Î ⌦ Î + Ẑ ⌦ Ẑ X̂ ⌦ X̂ + Ŷ ⌦ Ŷ

Î ⌦ Î + X̂ ⌦ X̂ + Ŷ ⌦ Ŷ + Ẑ ⌦ Ẑ

Dujon,	  Guha,	  Wilde	  (2012)	  
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D = Î ⌦ Î + X̂ ⌦ X̂ + Ŷ ⌦ Ŷ + Ẑ ⌦ Ẑ

IX = Î ⌦ Î + Ẑ ⌦ Ẑ XX = X̂ ⌦ X̂ + Ŷ ⌦ Ŷ

D D D D

Data	  qubit	   Amplitude	  stabilizer	  
(measure	  X)	  

Data	  qubit	  Phase	  stabilizer	  	  
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D = Î ⌦ Î + X̂ ⌦ X̂ + Ŷ ⌦ Ŷ + Ẑ ⌦ Ẑ

IX = Î ⌦ Î + Ẑ ⌦ Ẑ XX = X̂ ⌦ X̂ + Ŷ ⌦ Ŷ

D IXD D

Data	  qubit	  
(predict	  X)	  

Amplitude	  stabilizer	  Data	  qubit	  Phase	  stabilizer	  	  
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D = Î ⌦ Î + X̂ ⌦ X̂ + Ŷ ⌦ Ŷ + Ẑ ⌦ Ẑ

IX = Î ⌦ Î + Ẑ ⌦ Ẑ XX = X̂ ⌦ X̂ + Ŷ ⌦ Ŷ

D IXXXD

Data	  qubit	   Amplitude	  stabilizer	  Data	  qubit	  
(predict	  X)	  

Phase	  stabilizer	  	  
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D = Î ⌦ Î + X̂ ⌦ X̂ + Ŷ ⌦ Ŷ + Ẑ ⌦ Ẑ

IX = Î ⌦ Î + Ẑ ⌦ Ẑ XX = X̂ ⌦ X̂ + Ŷ ⌦ Ŷ

D IXXXXX

Data	  qubit	   Amplitude	  stabilizer	  Data	  qubit	  Phase	  stabilizer	  
(predict	  X)	  	  



W W W W

D = Î ⌦ Î + X̂ ⌦ X̂ + Ŷ ⌦ Ŷ + Ẑ ⌦ Ẑ

IX = Î ⌦ Î + Ẑ ⌦ Ẑ XX = X̂ ⌦ X̂ + Ŷ ⌦ Ŷ

IXXXXXIX

Data	  qubit	   Amplitude	  stabilizer	  Data	  qubit	  Phase	  stabilizer	  
(measure	  Z)	  	  



W W W W

D = Î ⌦ Î + X̂ ⌦ X̂ + Ŷ ⌦ Ŷ + Ẑ ⌦ Ẑ

IX = Î ⌦ Î + Ẑ ⌦ Ẑ XX = X̂ ⌦ X̂ + Ŷ ⌦ Ŷ

IXXXZ XX

Data	  qubit	   Amplitude	  stabilizer	  Data	  qubit	  
(predict	  Z)	  

Phase	  stabilizer	  	  
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D = Î ⌦ Î + X̂ ⌦ X̂ + Ŷ ⌦ Ŷ + Ẑ ⌦ Ẑ

IX = Î ⌦ Î + Ẑ ⌦ Ẑ XX = X̂ ⌦ X̂ + Ŷ ⌦ Ŷ

IXXXYZ

Data	  qubit	  
(predict	  Z)	  

Amplitude	  stabilizer	  Data	  qubit	  Phase	  stabilizer	  	  



W W W W

D = Î ⌦ Î + X̂ ⌦ X̂ + Ŷ ⌦ Ŷ + Ẑ ⌦ Ẑ

IX = Î ⌦ Î + Ẑ ⌦ Ẑ XX = X̂ ⌦ X̂ + Ŷ ⌦ Ŷ

IXXYZ

Data	  qubit	   Amplitude	  stabilizer	  
(predict	  Z)	  

Data	  qubit	  Phase	  stabilizer	  	  



W W W W

D = Î ⌦ Î + X̂ ⌦ X̂ + Ŷ ⌦ Ŷ + Ẑ ⌦ Ẑ

IX = Î ⌦ Î + Ẑ ⌦ Ẑ XX = X̂ ⌦ X̂ + Ŷ ⌦ Ŷ

IXYZ

DONE!	  



Numerical	  results	  

•  Can	  simulate	  this	  with	  erasure	  channel,	  Pauli	  
channel,	  etc.	  

•  The	  branching-‐MERA	  code	  is	  also	  a	  good	  
quantum	  code!	  
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Branching MERA

Quantum	  Erasure	  Channel	  

4096	  qubits	  
with	  2048	  
data	  qubits	  

AF,	  D.	  Poulin	  (2014)	  



X/Z	  correla@ons	  

•  Second	  step:	  Decoding	  Z	  knows	  about	  X	  
•  First	  step:	  Decoding	  X	  doesn’t	  know	  about	  Z…	  
•  Can	  decode	  the	  problem	  symmetrically	  
– X	  from	  right	  
– Z	  from	  lec	  
– Simultaneous	  

W W W W

D D D D
X	  Z	  



W W W W

D = Î ⌦ Î + X̂ ⌦ X̂ + Ŷ ⌦ Ŷ + Ẑ ⌦ Ẑ

IX = Î ⌦ Î + Ẑ ⌦ Ẑ XX = X̂ ⌦ X̂ + Ŷ ⌦ Ŷ

D D D D

Data	  qubit	   Amplitude	  stabilizer	  
(measure	  X)	  

Data	  qubit	  Phase	  stabilizer	  
(measure	  Z)	  	  

IZ = Î ⌦ Î + X̂ ⌦ X̂ ZZ = Ẑ ⌦ Ẑ + Ŷ ⌦ Ŷ



W W W W

D = Î ⌦ Î + X̂ ⌦ X̂ + Ŷ ⌦ Ŷ + Ẑ ⌦ Ẑ

IX = Î ⌦ Î + Ẑ ⌦ Ẑ XX = X̂ ⌦ X̂ + Ŷ ⌦ Ŷ

D D

Data	  qubit	  
(predict	  X)	  

Amplitude	  stabilizer	  Data	  qubit	  
(predict	  Z)	  

Phase	  stabilizer	  

IZ = Î ⌦ Î + X̂ ⌦ X̂ ZZ = Ẑ ⌦ Ẑ + Ŷ ⌦ Ŷ

IXZZ
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D = Î ⌦ Î + X̂ ⌦ X̂ + Ŷ ⌦ Ŷ + Ẑ ⌦ Ẑ

IX = Î ⌦ Î + Ẑ ⌦ Ẑ XX = X̂ ⌦ X̂ + Ŷ ⌦ Ŷ

Data	  qubit	  
(predict	  Z)	  

Amplitude	  stabilizer	  Data	  qubit	  
(predict	  X)	  

Phase	  stabilizer	  

IZ = Î ⌦ Î + X̂ ⌦ X̂ ZZ = Ẑ ⌦ Ẑ + Ŷ ⌦ Ŷ

IXZZ XXZZ



W W W W

D = Î ⌦ Î + X̂ ⌦ X̂ + Ŷ ⌦ Ŷ + Ẑ ⌦ Ẑ

IX = Î ⌦ Î + Ẑ ⌦ Ẑ XX = X̂ ⌦ X̂ + Ŷ ⌦ Ŷ

Data	  qubit	   Amplitude	  stabilizer	  
(predict	  Z)	  

Data	  qubit	  Phase	  stabilizer	  
(predict	  X)	  	  

IZ = Î ⌦ Î + X̂ ⌦ X̂ ZZ = Ẑ ⌦ Ẑ + Ŷ ⌦ Ŷ

XY IXZZ



W W W W

D = Î ⌦ Î + X̂ ⌦ X̂ + Ŷ ⌦ Ŷ + Ẑ ⌦ Ẑ

IX = Î ⌦ Î + Ẑ ⌦ Ẑ XX = X̂ ⌦ X̂ + Ŷ ⌦ Ŷ

IZ = Î ⌦ Î + X̂ ⌦ X̂ ZZ = Ẑ ⌦ Ẑ + Ŷ ⌦ Ŷ

DONE!	  

IXYZ
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Polar
Polar symmetric
Branching MERA

Non-‐degenerate	  behaviour	  
The	  code	  
almost	  	  

never	  has	  
degenerate	  
errors!	  

	  
Hashing	  

bound	  only	  
	  

Other	  
construc@ons?	  



Wait	  a	  minute…	  

Everything	  seems	  great,	  but	  we	  haven’t	  talked	  
about:	  

Fault	  tolerance	  
	  
E.g.	  all	  stabilizers	  are	  large	  	  
	  
Idea:	  use	  purified	  ancilla	  codes	  to	  perform	  
correc@on,	  measurement,	  gates,	  etc…	  	  
(a	  la	  Todd	  Brun,	  yesterday)	  



Conclusion	  

•  Tensor	  networks	  provide	  insight	  into	  coding!	  

•  Many	  extensions	  to	  this	  work	  is	  possible	  
– Use	  more	  complicated	  tensors	  than	  CNOT	  	  

•  gates	  on	  2	  qudits	  
•  Do	  bosonic/fermionic	  gates	  make	  sense?	  

– Bejer	  decoders	  
– Use	  for	  code-‐based	  encryp@on,	  source-‐coding	  
– Fault	  tolerance?	  



Thank	  you!	  


