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Error Correcting Code

Store one bit in a global state:

Noise acts locally:

Error correction: join nearby frustrations



Simulation

Environment System Apparatus

noise

measure

syndrome

correct



History

Dennis, Kitaev, Landahl, Preskill (2002) PMA

Duclos-Cianci, Poulin (2010) Soft-RG

Bravyi, Haah (2013) Hard-RG

Anwar, Brown, Campbell, Browne (2014) qudits

Wootton, Burri, Iblisdir, Loss (2014) non-Abelian

Brell, Burton, Dauphinais, Flammia, Poulin (2014) non-Abelian



Mathematics:

the art of forgetting



Quantum field theory

forget scale, keep angles

Conformal field theory

forget metric

Topological field theory
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Manifolds
Complexes
Euler Characteristic
Homology
Sequences
Cohomology
Morse Theory
Homotopy
Sheaves
Categorification



“Topological features are robust. The number of compo-
nents or holes is not something that should change with a
small error in measurement. This is vital to applications in
scientific disciplines, where data is never not noisey.”

– Robert Ghrist



Cartoon

Topological

Quantum

Field Theory



Topological

= 6=



Isotopy



Particle exchange in 3d

= =

Swap: S|ψ〉 = |ψ〉 ...Bosons
Or, swap: S|ψ〉 = −|ψ〉 ...Fermions



Particle exchange in 2d

6=

World lines: (2+1)d























Braid group

↪→ braid group on three strands, B3

↪→ has two generators

σ1 = σ2 =

↪→ has inverses

σ−1
1 σ1 = =



Braid group

↪→ B3 has one non-trivial relation

σ1σ2σ1 = = = σ2σ1σ2



Why do we care?

Braid group acts on states, for example:

|ψ〉 → σ1|ψ〉

But what are the states?



Observables
↪→ measure charge in a region

?

↪→ Example charge values: A = {I, τ}.
↪→ superposition of these:

|ψ〉 = α| I 〉 + β| τ 〉.



Abelian (Homology)

=



Non-Abelian: Fibonacci anyons

τ τ
?

↪→ could be either τ or I

↪→ state space of two τ charges is 2-dimensional

↪→ called the “fusion” space



Commutation
↪→ non-overlapping observables commute

↪→ a maximal collection of commuting observables cor-
responds to a pair-of-pants decomposition of the space



Fibonacci anyons

↪→ dimensionality grows like the Fibonacci Sequence:

1, 1, 2, 3, 5, ...

τ τ τ τ? ? ?



Topological symmetry

Look at self-maps (homeomorphisms) of this surface:

f



Topological symmetry

Look at self-maps (homeomorphisms) of this surface:

f

These maps form a group called the mapping class group.



Why do we care?

The mapping class group acts on observables:

f



Choose your picture

|ψ〉

σ2
2 |ψ〉

Braid group acts on
states:
“Schrodinger picture”

D3

D3

f

Mapping class group acts
on observables:
“Heisenberg picture”



The code

=



The code



The code

|ψ〉 = α|I〉+ β|τ〉



Syndrome measurement
↪→ Measure charge inside tiles



Error process
↪→ poisson process pair creation



Error process
↪→ problem scales exponentially, so decompose into pieces

↪→ a bunch of disjoint copies of a disc with 2 holes



Join
↪→ merge (sew) discs that participate in the same tile



Syndrome
↪→ measure the charge on each square



Error correction
↪→ cluster nearby charges

↪→ succeed if we don’t wrap around the torus



Simulation
Environment System Apparatus

noise

measure

syndrome

correct

...

measure

syndrome

correct



Monte-Carlo

↪→ threshold at tsim ' 0.125



Bad news:

Problem scales exponentially.
On 128x128 lattice with error rate 12.5%, dimension∼ 1.62048.
Braiding operations are dense on this space.

Good news:

Below percolation threshold, clusters of size O(log(n)).

Bad news:

Decoding joins clusters.

Good news:

Decoding fuses charges.



Summary

↪→ Can do error correction in an arbitrary TQFT

↪→ Simulation of system is possible by decomposing

↪→ Combinatorial formulation of problem

Question:

↪→ What is the scaling of this numerical simulation?


